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ABSTRACT

We prove a general inequality for kernels satisfying the maximum prin-
ciple. This is then used to derive a sufficient condition for the kernel to
define a continuous map of Lebesgue spaces. Exactly this condition hap-
pens to be necessary and sufficient for the validity of Hardy’s inequality
with weights in one dimension. Some applications indicating the unifying
nature of the potential inequality are given.

Introduction

In this article we deseribe a powerful potential theoretic inequality, which gen-
erates Hardy’s inequality and many other inequalities as special cases. Qur ap-
proach is very general and has potential for much further development. Some of
these directions are indicated in the paper.

* A part of this paper was presented at the 865th AMS meeting, March 1991,
Tampa, Florida.
Received July 30, 1991 and in revised form November 28, 1992

97



98 M. RAO AND H. SIKIC Isr. J. Math.

In 1920, Hardy [8] discovered an inequality while attempting to simplify the
then-known proofs of Hilbert’s inequality ([9], chapter IX). Since its inception,
this inequality has found many applications: almost all books on PDE contain
it. Many authors have extended and generalized this inequality. A major con-
tribution was made by Talenti [19] in 1966, and later developed by Talenti [20],
Tomaselli [21], Muckenhoupt [15], Bradley [7], etc. These developments con-
cerned Hardy’s inequality with weights. Later contributions are due to Kufner-
Triebel [12], Maz’ja [14], and most recently due to Stepanov [18] (1987), and
Arifio-Muckenhoupt [2] (1990).

Most of these works are one-dimensional in nature and rely on the special
kernel involved, and the potential theoretic nature of the inequalities has gone
unnoticed. In contrast, we introduce the maximum principle in section 1, and
apply it to prove several new potential inequalities from which we obtain several
classical applications. The main ingredient is the maximum principle - well-
known in potential theory and satisfied by most of the classical kernels. We
believe that our approach reveals new aspects of this principle, which has been
succesfully applied in several endeavours such as capacity theory. In section
2 several sufficient conditions are given so that the “potential operator” is a
continuous map of LP-spaces. Some of the conditions are generalizations, and
some are new. Section 3 deals with applications of results in section 2. Several
classical cases are treated. Finally in section 4 we exhibit several interesting

examples of kernels satisfying the maximum principle.

1. Maximum Principle and Potential Inequality

Let (X,B(X)) be a measurable space, where X is a locally compact Hausdorff
space with a countable base and B(X) the o-algebra of Borel sets.

Let N(z,dy) be a (positive) kernel on X in the sense that N: X x B(X) —
[0, +00] is a mapping such that, for every z € X, A — N(z, A) is a o-finite
measure, and, for every A € B(X), z — N(z, A) is a Borel function. If f is a

Borel function on X then we write
® (V&) = [ SN d)
X

whenever the right side of the equation makes sense, and we refer to N f as the
potential of f. For example, for any nonnegative Borel function f the potential

of f exists and is a nonnegative Borel function. Also, given such a kernel N(z, dy)



Vol. 83, 1993 POTENTIAL INEQUALITY 99

and a measure g on (X, B(X)) we shall write
) (Fu(d) = [ NGz dy)utce)

for the measure Ny defined by (2).

In the special case, when N(z,dy) has a density, i.e. when there exists a o-
finite measure A on (X, B(X)) and a Borel function G: X x X — [0, +00] such
that N(z,dy) = G(z,y)A(dy) we will write Gf instead of N f and Gy for the
density of N i, 1.e.

() = [ Gloruu(ds).

Hence (N u)(dy) = (Gu)(y)A(dy).

Let us denote by POT = POT(N) the set of all Borel functions on X such
that the potential of f exists. Let us denote by X't the set of all non-negative
Borel functions on X. Then X* C POT(N), for every positive kernel N.

Definition 1: Let N(z,dy) be a (positive) kernel on X and R C POT(N). N
satisfies the strong maximum principle on R (with constant M > 1), if for every
f € R, and for every A > 0,

(3) 3 S M) + N [f+1(,zx}]

where s = Nf. In the special case, when R = X+, we will simply say that N

satisfies the maximum principle. ]

We can rewrite (3) as
(4) (NFY S MA+ N [fiqupezn]-

If (3) is true for every A > 0, then (4) is true for every A > 0, since for such X is
{Nf > A} ={(Nf)* > A} and the right side of (3) is always nonnegative. For
A = 0 (4) is always true, since {(Nf)* >0} = X and N is a positive kernel. If
(4) is true for every A > 0, then (3) is true for every A > 0, since Nf < (Nf)*.
Now, letting A — 0 in (3) we obtain

Nf<M-0+N[f*Unsso)] SN [fFlngsa] -

Therefore, (3) and (4) are equivalent.
Notice also that, if both f and —f are in R, it follows from (4) that

(5) INFI < 2MA+ N [If]- 1yngizay] »
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since [N(=f)]* = (Nf)™ and {(Nf)* 2 AJU{(Nf)" 2 A} C{INf| 2 A}. In
the following text we will mainly use (4) and (5).

Remark 1: Let us recall (see [16], chapters 3 and 6) that the potential operator
V of a transient Markov process satisfies the principle of positive maximum in the
sense that sup(V f)(z) = sup{(V f)(y): f(y) > 0}, for every continuous function
f with compact support, for which V f attains strictly positive values. If we
generalize this notion, in the sense that we allow the constant M to be bigger

than 1, then we can state the maximum principle as
(Nf<lon{f>0} = Nf<M everywhere )

for any bounded, measurable, nonnegative function f with compact support.

Simple computation then shows that, for every A > 0,

Nf=N{f-Lnsen] + N [f - Lngon]
SAM+ N [f-Ynpanyl,

where the last inequality follows from the maximum principle above. Notice
that every nonnegative Borel function f can be approximated from below by
a sequence f, = min(f - 1k, , n), where K,, C X is compact and, K, C Kn41,
Uiz, K»n = X. The monotone convergence theorem and the fact that (4) is trivial
for A = 0, shows that (4) is satisfied for any f € X*. Therefore, the maximum
principle, as stated in Definition 1, is the generalization of the classical notion
from potential theory. Since we allow, in general, that R is bigger than X%, it
justifies the word “strong” in Definition 1.

In particular, the fact that the n-dimensional Brownian motion is a transient
Markov process for n > 3 shows that the kernel N(z,dy) = G(z,y)dy, where dy

is the n-dimensional Lebesgue measure, and

1

(6) G(z,y) = ey

satisfies the maximum principle with constant M = 1. Similarly (see [16], page
3.32), the Riesz kernel I, defined by

() Tn(e,di) = ¢ 4y

-z—y"”__a., where n >3, 0<a<?2

satisfies the maximum principle with constant M = 1.
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We believe that this explains the “background” for the notion defined in Defi-
nition 1. Many other interesting examples (some of them need the generality of
Definition 1) will be treated in sections 3 and 4. |

Before we state the main results of this paper, let us specify what we mean
by convex function and concave function in this paper. We will denote the set

[0, +00) of nonnegative real numbers by R.

Definition 2: We will say that ®: Ry — R is a convex function if there exists
a (positive) Borel o-finite measure 5 on R4 such that

(8) o(t) = /tcp(u)du, for every t € Ry,
0
where
(9) e(u) =n([0,u]), for every u € Ry. 1

Definition 3: We will say that ®: Ry — R, is a concave function if there

exists a (positive) Borel measure  on Ry such that

(10) n([a, b)) is finite, for every 0 <a < b< 400
and

t
(11) (1) =/ ¢(u)du, foreveryt € Ry,

0

where ¢ satisfies the following properties:

(12) 0 < p(u) < o0, for every u >0,
(13) Jim, up(u) =0,
and

(14) o(v) — p(u) = —n((u,v]), forevery0<u<v<+oo. 1

In the definition above ¢(0) is not required to be finite. However, the behaviour
of ¢ at zero is controlled by (13), which, as pointed out by one of the referees, is
redundant. Since we need this property later, we leave it as part of the definition.

Notice that one consequence of (10) is that 7 is o-finite.
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Remark 2: Notice that ®(t) = t? , p > 1, satisfies the conditions in Definition
2. For p > 1 we get n(du) = p(p — 1)uP"2du, p(u) = pu?~1. For p = 1 we get
n = the point mass at zero, ¢ = 1.

Notice also that ®(t) =t? , 0 < p < 1, satisfies the conditions in Definition 3.
We get n(du) = p(1 — p)u?~%du, p(u) = puP~!. Then up(u) = pu? — 0, when
u— 0+. |

We can state the main results now:

THEOREM 1: (The Potential Inequality for Convex Functions) Let ® be a convex
function (in the sense of Definition 2) and ¢ = &'. Let N(z,dy) be a kernel on X
which satisfies the strong maximum principle on R € POT(N), with constant
M. Then, for every f € R,

(15) @ [—;?] < %N [Fe(s)]
where s = (Nf)*.

Proof: Let us denote by 5 the measure, defined by (9), which corresponds to ®.
Applying Fubini’s theorem several times, and the strong maximum principle, we

/’mdt / n(du) = / n(du) /

= /0 [s/M — u]n(du) = /0 [s/M — u]*n(du)

obtain

+ o0
= [ lep —utataw < by @)
too 1

< Vi N [f*1{s5u}] n(du)

1 [t
= Tl(du)/ N(z,dy) Y (1) 1{s(z)>u}
0 X

= -;7 /X N(z,dy)f*(y) - [ /0 +m1{a(y>zu}fl(du)

1
= N [fFe@)]. 8
COROLLARY 2: Let ® and N(z,dy) be as in the previous theorem. Then for
each o-finite measure pu on (X,B(X)), and for every f € R,

(19) J 2 G) dus g7 [ £ et
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In particular, if ®(t) =t?, p > 1, then

) /s”dp < pM""l/ fHsP d(Np).
X X

Proof: The second inequality is an obvious consequence of the first inequality
and the fact that ¢(t) = ptP~!. The first inequality follows immediately from
(15) by Fubini argument. |

Remark 3: If f and — f are both in R, then we can use (5), instead of using (4),
in Theorem 1 and Corollary 2. Then we will obtain same inequalities as before,
but with |N f| instead of (N f)*, |f| instead of f*, and 2M instead of M. |

THEOREM 3: (The Potential Inequality for Concave Functions) Let ® be a con-
cave function (in the sense of Definition 3) and ¢ = ®'. Let N(z,dy) be a kernel
on X which satisfies the maximum principle (i.e., R = Xt), with constant M.
Then, for every f € X7,

(18) ] [%] > %N [fe(s)]

where s = (Nf)t = Nf.
Proof: The proof of this theorem is similar to the proof of Theorem 1. As before,
we denote the measure which corresponds to ® by 1.

If s(z) = 0 then f(y) =0, N(z,dy)-(a.e.), since f > 0 (this is the only place
in the proof where we cannot have general R). Hence, N{f¢(s)](z) = 0, which
proves the desired inequality in this case.

Suppose now that s(z) > 0. Let us denote s(z)/M by r. Then for every
0 <t < 7 we obtain

#(1) =30 = [ wlwdu= [ lotw) - pldu+ o) ().
Applying Fubini’s theorem and (14), as in Theorem 1, we obtain
()-8t =~ [ (r-upnd) + ) (7= )
(7]
== [ = ultadu) +elt) ()
(t,+00)

The maximum principle shows that 7 —u < (1/M)(N[f1(4>4}]). Since the right
side is nonnegative, it follows that [r —u]* < (1/M)(N[f1{,54}]), which implies
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that

°)-002 - [ 5N [flusaln(é) +e0)- (-1

1
= _EN [f /(;,+<:d 1(-2:.}’7@“)] +e(t)-(r-1)

= NI (=0 (s +9(0)- (7~ 1)

= N F - (p(s) ~ (D] +(8) - (r — 1),

Notice that ¢(t) is a constant, which implies that (1/M)N{[fe(t)](z) equals
e(t)[(1/M) - s(z)] = ¢(t)r. Hence, it follows that, for every ¢ € (0,7),

8(r) - 8() > 22N [fi(s)] ~ t9(0).

Letting ¢ — 0+ in the last inequality, and using (11) and (13) we finally obtain
(18). |
An immediate consequence of Theorem 3, exactly as in the case of Theorem 1

and Corollary 2, is the following corollary:

COROLLARY 4: Let ® and N(z,dy) be as in Theorem 3. Then for each o-finite
measure p on (X, B(X)), and for every f € X',

(19) /x #(2)du> o /x Fo(s)d( p).

In particular, if ®(t) =t?, 0 < p < 1, then
(20) / sPdy > pMP™! / fsP (N p).
X X

Remark 4: Notice that (15), (16), (18), and (19) are very general forms of “the
integration by parts”-type formula. This becomes even more transparent when
we refer to the proofs of Hardy’s inequalities for p > 1 and 0 < p < 1 in [9]
p. 242 and p. 251-252. Hence, the best possible constants will be obtained in
inequalities, derived from potential inequalities, which are classicaly proven by
“the integration by parts” method. A typical example is the Hardy’s inequality

(see section 3). [

Remark 5: Notice also that the maximum principle and the potential inequality

are not stated in the most general form. Purely mathematically speaking we can
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repeat exactly the same proof in the case when f is even a vector function and
s = Tf, where T can be any operator (not necessarily linear, and not necessarily
single-valued), which maps vector functions f into one-dimensional functions s,
and, instead of f*, we can have any nonnegative real-valued function 8(f). Of
course, the corresponding potential inequality will be valid for (T, 8, N) whenever
the proper form of the maximum principle is satisfied for (T, 8, N).

The reason that we didn’t state our theorems in this generality is that we
didn’t find interesting examples which can be formulated in (T, 8, N) setting but
can not be formulated in terms of theorems stated here. Also this more general
setting obscures the “nature” of the potential inequality, which was explained in

the previous remark. 1

2. Inequality ”Nf"qm < C"f"p,v

Let N(z,dy) be a (positive) kernel on X. Let u be a o-finite measure on
(X,B(X)). Let v be a measure on (X,B(X)). Let p and ¢ be real numbers
such that 1 < p,g¢ < 400, and let us denote their conjugates by p' and ¢', re-
spectively. More precisely 1/p+ 1/p' = 1 and 1/¢+ 1/¢' = 1. We denote the
standard g-norm (p-norm) with respect to g (v) by || llg.x (Il Ilp,v). We allow
these norms to attain value +o0o throughout this paper. Also, in this paper we
accept the convention that 0- (+o00) = 0.

In the special case, when p (v) has a density w(z) (v(z)) with respect to A (for
the definition of A see the beginning of section 1), then we will write || ||, for
ll lg,ue (Il Nlp,o for || llp,»)- As before, we will write G instead of N, when N(z,dy)
has a density. For simplicity in notation we will denote A(dz) by dz. Also, (a.e.)
means “almost everywhere with respect to A” (for other measures we will specify
the measure in (a.e.) expressions). Notice that the fact that p is o-finite implies
that 0 < w(z) < 400 (a.e.). Since v is not necessarily o-finite, 0 < v(z) < 400
in general.

In this section we will consider the question of finding conditions for which
an inequality of the type given in the title of the section is valid for some set
of functions f, assuming that the potential inequality holds. Since our setting
is very general we will not be able to obtain sharp constants C, but we will be
concerned only in establishing inequalities of the type above in this situation.

In the following theorems we present some arguments. Instead of explaining
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these arguments each time, we will explain them now, and quote them when

necessary.

Remark 6: If ||f||p,v = +00, then there is nothing to prove. Hence, it is enough
to prove the inequality when f?-v is finite (a.e.), and || f||,» is finite. In particular,
it means that {v = +00} C {f = 0}. Therefore, in our proofs we can assume,
without loss of generality, that 0 < v < +o0.

Another argument in these theorems will be that in some cases there will be a
set Y C X,Y € B(X), such that

] N flodu = j IN(F1y)[odu .
X Y

We claim that in such a case we can restrict our attention on (Y, B(Y)). Clearly,
it is true for p and f. For v we can do that, because ||f||,,, on Y is less than

|| fllp,» on X. The only part which is not immediately clear is if the restriction
N = N/(Y x B(Y))

satisfies the same maximum principle as N. But, since N[f/Y] = N[fly], it
follows that N satisfies the maximum principle, too. Hence, it is enough to prove
our inequality on (Y, B(Y)). |

The last possibility that may occur is when ||f||,,» = 0. It is not clear that
in this case the left side, i.e., |G fll4,» must be zero. Under certain technical

assumptions, which are satisfied in all the theorems, this will be true.

LEMMA 5: Let G(z,y) satisfies either the strong maximum principle in the form
(5) or the maximum principle on X*. Let us denote the set {z: v(x) = 0} by B.
Suppose that B C C U D, where

(21) C ={z: 15(y) - G(z,y) =0, for almost all y}
and
(22) D = {z: w(y) - G(y,z) =0, for almost all y}.

Iff € R and | fllp,0 =0, then ||Gfllqw =0, where 1 < q < 4o00.
Proof: We denote the set {z: f(z) =0} by A. If ||f]lp,o =0, then X = AUB

(a.e.). Applying the potential inequality for convex functions on G, we obtain
[ 16 11twds < g2y [ 1f11GA ) do
X X
= q(2M)*"! / If1IGF1* (Gw) dz,
B
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where the last equality follows from the fact that f is zero on A. Using B C CUD
and (22), which says that (Gw)(z) = 0, for every z € D, we obtain that

/ |G fl*w dz < g(2M)7* / IF11GF1 (Gw) de.
X C

Since ¢ — 1 > 0, it is enough to prove that (Gf)(z) = 0, for every z € C. For
z € C, by (21),

IGS|(z) < /X Gz, )| fI(y)dy = /B Gz, )lf|(v)dy =0.

In the case when p = ¢, we can obtain the desired inequality by applying very

simple estimate of the measure N L.

PROPOSITION 6: Let N(z,dy) satisfy the strong maximum principle on R in the

form (5). If there exists a constant K > 0 such that
(23) Nu< Kp,

then, for every f € R,

(24) IN fllp,u < Cllfllpous
where C = pK(2M)?~1.

Proof: Apply the condition (23) on the inequality (17), which is valid with
s = |Nf| (see Remark 3). We obtain that

/ INfPdpu < pK(2M)*~! / IFIINfIPYdp.
X X
The straightforward application of Holder’s inequality finishes the proof. [

Example 1: Consider the classical example, where N(z,dy) is defined by

o0
i@ = [ i
z y
It is easy to see that every nondecreasing function w satisfies (23) for N defined
above. Since N(z,dy) satisfies the maximum principle (see Remark 11 in the
next section), then Proposition 6 shows that for every nondecreasing function w
is

IV fllpw < Cllfllpw- B
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The condition (23) is satisfied in some classical situations (see the example
above), but we would like to have more general conditions. Some of them can be
derived as the consequence of the potential inequality for convex functions, and

others by applying the potential inequality for concave functions.

CONCAVE CASE. In this paragraph we assume that 1 < p < ¢ < 400, and that
all of y4, v, and N(z,dy) have densities. For r = ¢/p > 1 we define a (positive)
kernel G,(z,y) by

Gr(z,y) = [G(z,y)]"-

Since we have densities G and G, G’(:c,y) = G(y,z) and é,(z,y) = G(y,z) are
(positive) kernels, too.

Suppose now that both G and G, satisfy the maximum principle on X't, with
constants M and M , respectively. Then it follows from Theorem 3 that, for every
f € Xt andforevery 0 < a<1,

71—a

(25) alf-@n <

a

(Gf),
where G is either G or G, and M is either M or M, respectively.

THEOREM 7: Suppose that w and v satisfy the condition
RV N 1/

(26) [Gv_’ /P] ? (2)- [G,w] q(z) <K < 400,

for almost all z € X. Then, for every f € POT(G),

(27 G fllgw < Cllfllp,v,
where C = Kq'/9(g')1 /¥’ MY/ pp1/(ag),

Remark 7: Recall that we follow the convention 0 - (+00) = 0, and that our
kernel G is very general. The proofs of some inequalities (which are relatively
simple for particular kernels) are more complicated than they may look at first
sight. In proving the inequality (27) we will have to consider several subcases,

and the role of the potential inequality, as well as (26), will be crucial. 1

Proof: It is enough to prove (27) for 0 < v < 400 (see Remark 6). Consider now
the sets A= {f =0}, B={v =0}, C = {Gv~?/? =0}, D = {Gv™?'/? = 40},
and E, defined by,

E = {z € X| G(z,y) =0, for almost all y € A°N B°}.
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Let us prove first that the conditions of Lemma 5 are satisfied. Notice that
v=?'/? = fooon B. Hence, ifz € Band 1p(y)G(z,y) is positive (as a function of
y) on a set of positive measure, then [Gv™?'/?](z) = 4+c0. By (26) [G,w](z) =0,
which implies that G(y, x)w(y) = 0, for almost all y. Therefore, by Lemma. 5, we
can assume that || f||,,, > 0.

Consider the set C. By the assumption above v=?'/? is (strictly) positive.
Hence, for every z € C, G(z,y) = 0, for almost all y. In particular {Glc >
A} € C¢, for every A > 0. Applying now the maximum principle for G on 1¢ we
obtain

Gle < M) -I-G[].C . lcc] =M,

for every A > 0. Then (Glc)(z) = 0, for every z € C, i.e., for every z € C,
G(z,y)1c(y) = 0, for almost all y. Then, by Remark 6, we can restrict ourselves
to C°, or, in other words, we can assume that C = § (a.e.).

Consider the set D. If z € D, then, by (26), [G,w](z) = 0, and, therefore,
(Gw)(z) = 0, too. Applying (17) on G and f € POT(G), we obtain

16(710) g < const.- [ [11GUS1oI" G dz =,
D
which shows that we can assume, without loss of generality, that f =0 (a.e.) on

D,ie, D C A (ae.).
Consider the set E. By the definition of E, it follows that

/ IGf|Twdz = / IG(f1.408)"(1gw)dz.
E X
The fact that Gr(1gw) < G,w implies that we can consider v and 1 zw as weights,
for the present, and the conditions of Lemma 5 are fulfilled in this case. Since
flaus - v =0, it follows that
(28) / |Gflfwdz = 0.

E

Using all these we obtain that for z € X\E

IGf|(z) < jx G(z,v)If1(v)dy

= [ Gelflody GineDc 4, C=0)
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- / G(z,y)|fI(y) {vl/P o=MP [Gv—r’/p]I/(r’q) [Gv—p’/p]-l/(p'q)} (y)dy
AcnBe

[ Gawifio

IN

1 7 l/p
{ [ i@ e peagy) dy}
AcnBe
<{ [ G B 6o ) dy

[ 1 l/p’
+ / G(z,y) v Py (G~ 179 (y) dy} .
AcnB

To justify the last inequality notice that all the functions involved in the first
integral on the right side are (strictly) positive on A°N B¢, and, since z € X\E,
this integral must be (strictly) positive. If AN B = § (a.e.), then it is just
Holder’s inequality. If G(x,y) = 0, for almost all y € A° N B, then it is again
just Holder’s inequality. If it is none of these two, then the third integral is 400,
and, since the first integral is positive, the right side is +o0.

Finally, using (28) and the formula above, we obtain

’ 1} /
Ix1Gfltwdz < fyw [[x Gla,y)IfIP v (Go= /2yl ¥'Day) "

(29) } a/r'

x [y Gle,y) v (G 1)1 ay| " .

We apply (25) on G, v/ and a = 1/¢' (notice a — 1 = —1/q) to get

. r MY/rP")
{/x 1641 “’d‘”} < Wyl

r 1/r
% {/ w(Gu P PYl'?) . [/ G(x,y)]f|"v(Gv""/”)”/(""')dy] d:c}
b'¢ X

Using the general form of Minkowski’s inequality (see, for example, Theorem
202 on p.148 in [9]) we have that

9w —

IGSNE <M1/(rpr)(q,)q/(,p')/xIflpv(Gv—p’/p)p/(p’q)

Gr(z,y)w(z)(Gu™P PP ) (g xl/rdy
| GrtaulanGo e

= Mll(rp’)(q')q/(rp’)/ |f|pv(Gv—p'/p)p/(p'q) {ér[w(Gv—p'/p)q/(p’q’)]}l/r dy.
X
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We apply (26) on (Gu=?'/Py1/(&'?) | and then (25) on G, w, and a = 1/q, to

obtain
1610 < MFHF ()F R [ 1P 0(Go ) (Gr)ay.
Now, one more application of (26) completes the proof. ]

Remark 8: The condition (26) has been treated in connection with Hardy’s
inequality with weights. More precisely, it is well-known that in the case of

Hardy’s inequality, i.e., in the case when X = (0, +00) and

1 fy<z
0 otherwise

(30) 6 = {

(26) is necessary and sufficient condition for (27) to be true.

Surprisingly enough, as we have shown in Theorem 7, (26) is still a sufficient
condition for such a general space as X, and such a general kernel G as in this arti-
cle. Notice that the crucial steps were the applications of the potential inequality
for concave functions (twice; for G and G,). These applications correspond to
the applications of the integration by parts in Hardy’s classical cases.

Notice also that in classical situation r cannot be observed on G, since the
values of G are either 0 or 1. Even in (26) we have G instead of G, in the case
when p = gq.

Hardy’s inequality with weights is considered very early using methods via
differential equations (see [6], [3], [4] ; see also historical remarks on p.14 in [11}).
But, the condition (26) appears for the first time (as far as we know) in Talenti [19]
(1966). He considered only the case p = ¢ = 2 and weights related by formula
w(z) = 7 %v(z). These restrictions were removed in later papers by Talenti
[20], and especially Tomaselli [21]. These theorems were reproved and extended
to the case of measures by Muckenhoupt [15] in 1972. He also mentioned, in
connection with the condition (26), the untitled and unpublished manuscript by
M. Artola (unfortunately we were not able to see this manuscript). In contrast
to previous authors, who still relied on differential equations, Muckenhoupt uses
Holder’s inequality and integration by parts formula, which is a technique that
we managed to apply in the generality of Theorem 7. In all these papers the case
p = g was treated. For the case p < ¢ the proof was done by J.S. Bradley [7]
in 1978, and, independently, a year later in [13] and [10]. A thorough treatment
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of these theorems can be found in [14] and in {11}, where also detailed historical
remarks are given. In all these papers the special kernel G from (30) (or some
simple modification of G or G,) is treated. ]

The fact that in the classical case the condition (26) is also necessary suggests
that it will be interesting to examine the problem in the general situation. The
next proposition gives a condition on a kernel G (which is satisfied in classical
Hardy’s case) under which (26) is a necessary condition. The example after
the proposition shows that there are kernels for which (26) is not a necessary
condition.

We denote the set {y: G(z,y) > 0} by P;, and the set {z: G(z,z) > 0} by
Pz,

PROPOSITION 8: Suppose that there exists a constant K > 0 such that, for every
2z € X, for every z € P?, and for everyy € P,

2 1/p
(31) Cla,y)- [gg yi] > K-Glz,y)

If the inequality (27) is satisfied for some C > 0, and forall f € X+ C POT(G),
then (26) is satisfied for all = € X, with constant C/K.

Proof: For every z € X we consider f, € X1, defined by

_ [ Gzy)\/ro P Ir(y) ify € P,

f(y) = { 0 otherwise.
Then on the right side of the inequality (27) we have
1/p
Ol =0 ( [ 1200 )
, 1/p ,
=C ( / G(z,y)v? (y)v(y)dy) = C[(Gv™?I?)(2))"/?.

P,

On the left side of (27) we have (with r = ¢/p), using (31),

G S llgw 2 ( /P Gty ($)w(:c)dz>l/q

B Up Gz, 2)u(z) (/,, [_Grg((a%[a(z,y)]”%-r'/p(y)dy)q dx] )
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1/q

2k [ et ([ e Py ) i

= K[(G,w)(2)]'/9 - [(Gv™? 7)(2)).

The proof is finished by putting both sides of (27) together (the case 0, +o0
works here by the standard argument). |

Remark 9: Notice that in the case when G(z,y) is either 0 or 1 condition (31)
simply says that, for every z € X, and for every z € P?,

P, CF,,

and K = 1. In a classical Hardy’s case P* = [z,+0) and P, = [0,z], which
shows that (31) is satisfied. |

Example 2: Let 1 < p < 400 and aw such that 0 < pa < 1. Then0 < a < 1
and 0 < 1 —pa < 1. Let us denote 1 — pa by 3. We define the kernel G(z,y) on

(0, 4+00) by

—_ a-—-1 3
(32) G(z,y):{ (y—2z)* 0<z<y< +oo,

0 otherwise;
G is known as the Weyl fractional kernel, and G as the Riemann-Liouville frac-
tional kernel. Let us take w(z) = =7, and v(z) = 1. Then simple calculations
lead to

(Gu)() = Ky™*~1 and (Gv™"'/)(z) = +oo,
where K depends on a and S only. G and G both satisfy the maximum principle
(see Proposition 12), but obviously (26) is not satisfied for v and w. We claim
that (27) still holds for v and w, in the case p = q. We will show that v and w
satisfy conditions in Theorem 10 below. Indeed

v (Gu) = K w,

since p'(a+pf-1)=p'(a+l—-pa-1)=ap'(1-p)=—ap=/-1. Riemann-
Liouville and Weyl fractional kernels are treated in [1]. |

CONVEX CASE. In this paragraph we assume that 1 < p < ¢ < 400, and that
measures g and v have densities. We assume also that N(z,dy) satisfies the
strong maximum principle on R C POT(N) in the form (5). Therefore we will
apply the potential inequality for convex functions as it was stated in Remark 3.
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Our first theorem in the convex case is inspired by methods developed in
Stepanov [18] for classical Hardy’s case. Consider first the case when p < g.
In this case we assume that N(z,dy) has a density.

THEOREM 9: Suppose there exist a Borel function w* on X, which is (a.e.) finite,

and a positive constant K, such that the following two conditions are satisfied:

(33) 05 (Gpv P 7)Y (Gu*Y = w* (ae),
and
(34) Gw < K -Gu* (ae.).

Then there exists a constant C such that, for every f € R,

(35) 1Gfllgw < Clifllpo -

Proof: Let us prove the inequality (35) for w*, instead of w, first. It is enough
to prove it for 0 < v < 400 (see Remark 6). Consider now the sets B = {v = 0},
C = {Gpv™?/P < 400}, and D = {Gw* = 0}. f z € B then v™?/?(z) = +o0.
Since w* is finite (a.e.) it follows that (33) can be fulfilled only if

Gpv?/P.Gu* =0 (a.e.) on B.
Thus w* =0 (a.e.) on B and
(36) BC (CUuD)n{w* =0} (ae.).
Notice also that for every z € C
(837) 18(y)Gp(z,y) = 1B(y)G(z,y) =0 for almost all y.

In particular, it shows that Lemma § is satisfied. Therefore we can assume,
without loss of generality, that || f]|,,» > 0. Notice also that 0 < v < +o0, (33),
and (36) imply

(38) (Gpo P ?)5 (Gu* Y = o' /Pw* (ae.).

We claim that

, 1/p
(39) IGFE) < fllow - ( [ et /P<y>dy)

for every f € R.
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Notice that if Gpv=?'/P = 4oo, then, since ||f|lp,, > 0, (39) is trivial. If
G,rv—”'/" < 400, ie., if r € C, then, using (37), the fact that 0 < v < 400 on
B¢, and Holder’s inequality, we obtain

6fie) < [ G wifiwdy
= [ G e i)

) (/B |f|p(y)v(y)dy>llp . (/B Gr'(z,y)v‘i"/t’(y)dy)llpl

which proves (39).
We obtain the desired inequality for w* using the potential inequality, (38),
and (39) in the following way

/ Gl dz < Ky / 1A (Gu")da
X X
= K / FIIGFY? [GFIUP/P(Cu*)dz < by (30)
X
< Krlflo - /X FLIGF (Gyo? 17)55F (Gu)dz

= ( by (38)Killfllp5 - /X IFl' P |G £197 (w*) /P dz

-z 1/p'
< K lFIs% [ F e ( / IGfI“w‘dz)
X
= K1 | FIY2 NG AIYE..

Finally, we will consider two possibilities to prove the inequality (35). Either

/[Gf|"wd.7:$/ |Gflw*dz
X X
or
/ IGflfwde < / G fltwds.
X X

In the first case it is simply

IGllgw < NGfllgswe < Cllfllp,-

In the second case we apply the potential inequality on w first, then the condition
(34), after that the inequality for w*, and finally the assumption of the second

case, to obtain

/ G fltwdz < K, / FIGF17™ (Gw)d
X X
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. 1/y
< [ 1A116Ar Gl < Gl ( / IGfI"w‘dw)
X X

1/p
sc,ufn;_/:-( / IGfI'wdr) o

In the case p = ¢ we can drop the assumption that N(z,dy) has a density, and
again obtain the same theorem as above. The proof is exactly the same as in the
previous theorem, except that we are dealing with measures in conditions (33)
and (34), instead of with functions. We can do that since for p = ¢ the condition
(83) is much simpler than in the theorem above. Since in this case the standard

argument on measures apply we will state the theorem only.

THEOREM 10: Suppose there exist a Borel function w* on X, which is finite
(a.e.), and a positive constant K, such that the following two conditions are
satisfied:

(40) v VP (z)(Nw*)(dz) = (w*)!/? (z)(dr)
and
(41) (Nw)(dz) € K - (Nw*)(dz).

Then there exists a constant C such that, for every f € R,
(42) IV fllp.w < Clifllpv-

Remark 10: Notice that the classical Hardy’s case and Example 2 show that
there are cases in which Theorem 7 is satisfied, but not Theorems 9 and 10, and
there are cases in which Theorem 10 (Theorem 9) is satisfied, but not Theorem
7. ]

So far we have considered only the cases related to Hardy’s inequality with
weights. Let us show that direct applications of the potential inequality for con-
vex functions and Holder’s inequality lead to theorems which are not satisfied
even for the original Hardy’s inequality from 1920. We believe that these theo-
rems can be applied on some other kernels on bounded domains. The following
theorem is a typical example of such results. We assume that p = ¢ and that
N(z,dy) has a density.
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THEOREM 11: Suppose that v and w satisfy the following condition:
(43) SIGII))( [(‘; [v—p’/r(éw)p’(Gv—p‘/r)P/p’]] (v) < M < +oo.
v
Then there exists a constant C such that, for every f € R,

(44) 1GSfllpw < Clfllp,v-
Proof: Let us denote |Gf| by s. Using Hélder’s inequality and arguments on 0,

+00 cases as in the theorems above we obtain

s(z) S/)(G(z’y)lfl(y)dy=/xG(x’y)lfl(y)v_l/p(y)vl/”(y)dy

s* < [G(|fPo))[Gu? /P!

so that

Applying the potential inequality for convex functions we obtain
/ sP(z)w(z)dzr < K / [fl(z)s? " (2 Gw)(z)dz
X X
= K/ |flo! /PP~ (Guw)v P da
X
. 1/
<Wlpo- ([ Gy vstraz)
X
On the other hand
/ s’(éw)”'v”'/”d:c < / [G(|f|”v)][Gv"”/”]”/”'v""/’(éw)”' dz
X X
= by Fubini Theorem = / |FIPvG [v""/”(éw)"(Gv“”l/”)’/”] dy
X

<by(43) <M / | fiPvdy.
X

Finally, it shows that there exists a constant C such that

/X Pwdz < C||flpIfI2F = C /x fPode. B
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3. Applications: Analytic Inequalities

The following proposition gives a large class of kernels satisfying the maximum

principle.

PROPOSITION 12: Let G(z,y) be a nonnegative function on R4 x Ry satisfying

(45) Glz,y)=0 fory>z,

(46) for each y, £ — G(z,y) is decreasing in (y, +00),

and

47 for each bounded measurable f, £ — (Gf)(z) is continuous.

Then G satisfies the maximum principle with constant 1.

Proof: Let A >0, f >0, and Gf(z) > A. Since Gf is continuous, the set {Gf >
A} is open. Let a be the left end point of the component interval containing x.
We have then

Gf(z) = / G iy + [ G,

In the interval (a,z), Gf > A, and, by property (46) of G, in the first integral if

we replace r by a we increase the integral, i.e.,

/ " Gle,y) flu)dy < / " Gla,9)f(y)dy = A

by choice of a. Using these remarks we obtain

Gie) <3+ | " 6z, ) fW) (653 W)y

<A+ ] Gla, 1) f(8)1 (0552 (1),
proving the result. |

Remark 11: Similarly we may show that if G(z,y) is a nonnegative function on
R4 x Ry such that
(48) G(z,y)=0 fory<z,

(49) Gf is continuous for bounded measurable f with bounded support,
(50) G(z,y) < M-G(a,y) if z<a<y,

then G(z,y) satisfies the maximum principle with constant M. ]
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Example 3: Let a, 8 be positive numbers and let

_[ @ +y)7? iz <y,
(51) A(”’y)_{ 0 if0<y<a.

Then A satisfies the maximum principle with constant 28, And

(z*+y*)? f0<y<z

52) B ={ § oy

satisfies the maximum principle with constant 1. And G = A + B satisfies the

maximum principle with constant 28, |

HILBERT’S INEQUALITY. When o = § =1 in Example 3 then H = A+ B 1s
the Hilbert kernel (z + y)~!: z,y > 0. An inequality due to Hilbert states:

(53) I fllp < ——~Ilfll»

sm( /p)

where H is the Hilbert kernel. Actually (53) was proved for p = 2 by Hilbert
and by M. Riesz for p > 1. Attempts to simplify the then available proofs led
to Hardy’s inequality. /sin(r/p) is the best constant in (53) (see [9]). Our
methods do not give the best constant, but we can prove that H maps L? into
L? continuously. Here is a more general result:

Let A be defined as in (51), and suppose aff = 1. Then with du = dr we find

Ap = C dz where
1
1
C=/0 s

IA£lls < pC2" 77| £lp-

Now duality arguments show that if a kernel G satisfies ||Gf||, < Cp||fll, then
the dual kernel G satisfies the same inequality with the same constant. Since A
is just B of (52) we see that A + B is a continuous map of L? into LP. As said
before when o = 5 = 1 we get Hilbert-Riesz result.

So from (17) we get

HARDY’S INEQUALITY. The well-known and very useful Hardy’s inequality
states: if € < p— 1 then

oo P oo
54 / FPz*~Pdz < (—i’——> / Pt de
(54) 0 le —p+1 0 f
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where f > 0 and F(z) = [; f(t)dt. To derive this from our results let G(z,y)
be defined by (30). By Proposition 12, G satisfies the maximum principle with
constant 1, and Gf = F. From (17) with du = z*~Pdz we get, ife < p — 1,

ooF”x _’dxs—-—/ Fr-lge—ptlgy
/o le—p+1 f

Now use Holder’s inequality with z°dz as the base measure to get (54).
The generalized Hardy’s inequality due to A. Kufner and H. Triebel [12] states:

(o o] oo
(55) / FPoodz < q”/ fPo, dz,
0 0

where F is as before, ¢ = p/(p — 1), and g4 and o, are functions such that
oo 4
(56) o) = (p-17ol ) | [ ou(sras]
t

To derive this take in (17) du = oo(z)dz. Then d(Gp) = a:/p(p - 1)'laé/qd.1:
and

/0 F"aod:cﬁij—%—I/o fF”_lall/pa(l,/"dx.

Using Holder’s inequality as before we obtain (55).
We may regard Hardy’s inequality as an estimate of the size (in L?) of the
“averages” (1/z) fot f(y)dy. This interpretation permits the following general-

izations. In R" define

_ [ iyl < Yl
(57) G‘“’"{ 0 if |lyll > JlzIl.

It may be verified that the kernel G(z,y) satisfies the maximum principle with
constant 1. Taking
du = |lal|~"*da

we get from (17), using d(Gg) = [n(p — 1))~  wa |ly|~™®~ dy,

/ PP el s < 02 / § PPyl Vdy,
Rn

where w,, is the area of the surface of the unit sphere, and F = Gf, i.e.,

F(z) = /B ey T
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where B(0, ||z]|) is the ball of radius ||z|| around 0. Using Hélder’s inequality
again we obtain an n-dimensional version of Hardy’s inequality
Wnp
58 8llp £ ———== flls,
(58) lisl» o £l

where

1
s(z) = "T":~/B(0,||:||) f(y)dy

Remark 12: Notice that in the literature different inequalities appear under
the name “n-dimensional Hardy’s inequality”. For example, weighted Sobolev
inequality (its special case is Friedrichs’ inequality below) is considered in [11] as
“n-dimensional Hardy’s inequality”. Our inequality (58) is of a different type.
It doesn’t involve the gradient of the function, but the “average” of the function
with respect to the expanding balls. Notice that the generality of our approach

enables us to also consider the other types of expanding sets. ]

FRIEDRICHS’ INEQUALITY. Let § be a bounded domain in R"*. For every u €
C'(92), such that supp(u) C , the well-known Friedrichs’ inequality is valid, i.e.,

(59) / lufPdz < C / 1V de,
(1] 4]

where Vu = (0u/dz,,...,0u/8z,) and |Vul| = Y1, (du/0z;)?] /2.
Let consider this inequality carefully. Notice that, since £ is open, u can be
interpreted as in C!'(R"), where u and Vu are zero outside of . We have the

following well-known formula:

_ 1 Vu(y) e (z —y)
(60) ") = o fee Tlemvl

’

where wy, is the area of the unit sphere $™(1) in R"®. It follows that
lul < v

where v is the “potential”

1 Vel
61 v(z) = — ———
oY Sy N PRI

The kernel ||z — y|[~™*! satisfies the maximum principle with constant 1 (see
Proposition 13 and (7)). Since in (61) we can put  instead of R", and

1 / 4= < diam(f2) < +o00,

wn Jo |z -y
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for every y € Q, we apply (17) on (61) to get

(62) / vdz < C / | Vul? de.
Q Q

Since |u} < v, (59) is immediate from (62). However, our discussion below yields

(as a particular case)

(63) / lulPdz < C / V]l [ufP~de,
Q Q

which also leads to (59).
Let us show that a slight modification in the argument leads to a better in-
equality than (59). We claim that u satisfies the following form of the maximum

principle:

(64) o) <rt~ [ ez —y)
wn JRr» ”.’E—y”"

for every A > 0. Again, we can replace R" in (64) with €2, and then repeat the
proof of Theorem 1; using (64) instead of (4) (see also Remark 5), to get

[Vu(y) e (z — y)|
-yl

Hu(y)>2) Y,

(65) s(uia)) < - [ P(lu(w))dy,

where ® is the convex function (see Definition 2). Finally, let us prove that (64)
holds. It is enough to prove that (64) holds for z € Q such that u{z) > A, where
A > 0. Notice that the set O = {u — A > 0} is open, the set K = {u — A > 0}
is bounded and closed, and x € O € K. Then u — A = 0 on 90, and, for every
w € S"(1), there exists T(w) > 0, such that r —T(w)-w € 00, and z—tw € O,
for every 0 <t < T(w). Hence

T(w) d T(w)
—u(z)+ A= / Et-u(:c —tw)dt = / Vu(z — tw) o (—w) dt.
0 0

It follows that ()
u(z) = A+ / Vu(z —tw) s wdt,
0

which leads to
T(w)
lu(z)] < A+ / [Vu(z - tw) e w|dt
o

e o}
< /\+/ [Vu(z — tw) o w| Liy(z—ew)>a)dt.
)
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Now we integrate both sides with respect to the surface measure on S™(1), and

change the variable z = tw, to get

\V/ —
wnlu(z)] S wad + / I-Li)—.—f-l Lu(z—2)>2)d2,
R [E2| =

which is equivalent to (64).

4. Miscellaneous Examples

The following known proposition gives a wide class of kernels satisfying the max-

imum principle. We provide a proof for the reader’s convenience.

PROPOSITION 13: Let v be a nonnegative decreasing function on [0, +00). Define
G onR"* x R™ by

(66) Gz, y) =¥(lz -yl

Then G satisfies the maximum principle.

Proof: Let p be a measure on R" with compact support F. We show below
that there is a C such that
(67) Gu(z) < C sup Gu(y).
yeEF

We claim that there is an integer m depending only on n with the following
property: For any z € F°, we can find m closed subsets V; = V;(z) C F such
that if z; is a point nearest to z in V;, then [(z; —y|| < ||z —y||, for ally € V..
Indeed let Fy, ..., Fy, be closed subsets of the unit sphere {y: |ly|]] = 1} such
that diamF; < 1 and with {|J_, F; = {y: [ly|| = 1}. This number m depends
only on the dimension n. Put R; = {tz: z € F;, t > 0}, and note that for
E,n € Rywith €l < |Inll, 1€ —nll £ |7l Given ¢ € F¢let Vi = FN(z — R;).
If z; in V; is any point nearest to z, then for any y € V;, the points z; = z — z;
and z = z — y both belong to R; and ||z — 2; || £ ]jz — y||. Hence remembering
the note above || z; — z || < ||z, i-e, ||lzi —y || £ )|z — y]| as claimed.

Now to prove (67) we have

m

Gu@) <Y [ wllle -y lhuty)

m

sz/v (2 — y ) pldy)

< Gu(z;) <m sup G .
<Y Gu(zi) sup Gu(y)

i=1
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Recall (see Remark 1) that (67) implies the maximum principle. Therefore, the
proof is complete. |

Example 4: Using the above proposition we see the kernels
G(z,y) =|lz —y|7"*,
0<a<n,z,y € R" satisfy the maximum principle. 1

Example 5: Potential kernels of strong Markov processes satisfy the strong max-
imum principle. Let us just show this for the Green functions corresponding to
the Laplacian on bounded domains. Let G be such a function and h = Gf with
say f bounded. Let (X,) be the Brownian motion killed upon exit from D and
T the stopping time T = inf{t: h(X;) < A}. Then if h(z) > A,

[ T
h(z) =X+ E* L/O f(X,)dt]

[ T
=A+E* /0 f(Xg)l{hz)‘}(Xt)dt]

[ T
<A+ EF / f+(Xt)1{h2A}(Xt)d‘]
0

<A+ G 1nsayl,
which gives the desired result. |

The following example gives a method of constructing a class of kernels satis-

fying the maximum principle.
Example 6: Let v(t,z) be a semigroup of maps on R4 into R" such that

v(t,z) € R", 0<t < 4oo,
(68) v(0,z) =z,
v(t + s,z) = v[t,v(s, ).

Let 1 be a potential kernel of a convolution semigroup on R,. This means

there is a convolution semigroup () of probability measures on Ry such that
o0
Jy° mdt = p. Define

(69) T(s) = | " Ko(t, z)) (dt).



Vol. 83, 1993 POTENTIAL INEQUALITY 125

We claim T satisfies the strong maximum principle. To show this let h denote

the function Tf. Using the semigroup property (68) we have
(70) h(v(s,z)) = / Fiv(t + s, 2)) p(dt).
0

If we write g(s) = f[v(s,z)] and U(t) = h(v(t, x)), (70) may be written U = g*p,
i.e., U is the potential of g. We infer U < A+ (g 1{u»a}) *pt. This last inequality
may be rewritten to get the maximum principle for T'.

Two instances of the above example occurs in the operators P, and @, con-
sidered in G. Sinnamon [17]. P, and @, are defined as:

(71) P.f(z) = / F(Az)dA,

(72) Quflz) = / T 002

The change of variables A — exp(—t) in the integral defining P,, and A — exp(t)
in the integral defining @,, give

P,.f(z) = /0°° f(e~tx)e~'dt,

Quf(@) = [ fea)ar
0
dt and exp(—t)dt are both potential kernels. |

One other method of obtaining kernels satisfying the maximum principle is the

following:

Example 7: Let G be a group which acts on X. Suppose u is a potential kernel
of a convolution semigroup on G (see [5] for the examples). Similarly as in the
previous example this means that there is a convolution semigroup of probability
measures (p¢) on G such that p = [° pdt. Define for f on X, Tf by

(73) Tf(z) = /G F(gx) u(dg).

We claim T satisfies the maximum principle with constant 1. For the proof let
A>0.Fix¢ € X. Foreachh € G:

h — TH(h€) = /G F(gh) u(dg) = F+p
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where f(hy) = f(h1€), b1 € G. Thus, for fixed £, b — Tf(h€) is the potential
of f. Hence

Tf(hE) < A+ /G () 1z scaeray 1(d9)

=2+ /G F(98) 1T 1(g¢)> 21 14(dg)

=2+ T [f1rs2n]
which finishes the proof. |
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